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Geometry of gauge theories

Gauge transformations and gauge invariance
A gauge transformation is a local transformation: matter fields (here Dirac

fermions) transform differently under a group at each point of space-time:

V() = g(z)y (). (1.1)

where the matrix g(x) belongs to a unitary representation R(G) of a Lie
group G, e.g., SU(N).

For products of fields taken at the same point, global invariance (g con-
stant) implies local invariance. This is no longer true for invariant functions
of products of fields taken at different points. The problem can be solved by
introducing parallel transporters U(C'), which are oriented curve-dependent
elements of R((G) that satisfy (below the extremity of C; coincides with the
origin of C5)

UC={})=1,UCH=UC) UC,UCy) =U(C,)U(Cy). (1.2)



Then if C' is a curve joining point y to x, one chooses the transformation of
U(C) as
U'(C) = g(2)U(C)g™ (). (1.3)

It then follows that the field

by = U(C)(y), (1.4)

transforms by g(z) instead of g(y) and a quantity like ¢(2)U(C)y(y) is
gauge invariant.

Finally, for any closed curve C,
tr U (C)

1s gauge invariant.

This construction is valid both for continuum and discretized space.



In the continuum, in the limit of an infinitesimal differentiable curve, y,, =
x,, + dz,, one can parametrize U(C') in terms of the connection or gauge
field A, (x), a space-vector and a matrix (anti-Hermitian) belonging to the
representation of the Lie algebra of R(G):

U/C)=1+A,(x)dz, +o(||dzx,]]) = U(C)=Pexp (j{; Au(x)dxﬂ)

The transformation properties of A ,(x) are obtained by expanding equation
(1.3) at first order in dx,,,

AL (2) = g(@)Au(z)g ™ (2) + g(2)dug™ (). (1.5)

From the point of view of global transformations (g constant), the field
A, (z) transforms by the adjoint representation of the group G. However,
A, (z) is not a tensor for gauge transformations, the transformation being
affine.



Covariant derivative. In the limit of an infinitesimal curve,

YU = (1 + Au(x)dxu) W(x) + 5’u¢(x)dxu) + o (||dz,]|)
= (1+dx,D,)Y(x) +0o(||dz,|]) withD,=10,+ A,,.

D, is the covariant derivative, whose explicit form depends on the tensor
on which it is acting.
The identity

g(z) (10, + Ay) g_l(x) =10, +g(w)AM(x)g_1(a:)—I—g(a:)aﬂg_l(x), (1.6)

shows that D, is a tensor, since D/w the transform of D, under the gauge
transformation (1.5), is (the products have to be understood as products of

differential and multiplicative operators)

D}, = g()D, g~ (2). (1.7



Infinitesimal gauge transformations. Setting,
g(z) =1+w(x)+o(|wl),

in which w(x) belongs to the Lie algebra of R(G), one derives from equation

(1.5) the form of the infinitesimal gauge transformation of the field A,
—0A () =0w+ [A,,w] =D w. (1.8)

The equation yields the form of the covariant derivative in the adjoint rep-

resentation. One verifies:
Ouw' + (A, '] = g(x){0.w + [A,, w]}g ™ (2),
in which A’ is given by equation (1.5) and w’ by

(@) = glz)w(z)g™ (z).



Curvature tensor. The commutator of two covariant derivatives
FW(:B) = [DM, D,| = 8MAV — 8,,AM + [AM, A,l,

is no longer a differential operator. It is again an element of the Lie algebra

of R(G) and transforms, as a consequence of equation (1.7), as

F.,(z) =g@)F.u(r)g  (2).

F,. is a tensor, the curvature tensor, generalization of the electromagnetic
field of QED. The curvature tensor is associated with parallel transport

along an infinitesimal closed curve.



Gauge invariant action

Matter fields. For fermions transforming by R(G), the action
Se(w) = - [ a2 (@) (B + M) w(a),

1s gauge invariant.

Gauge field. The simplest gauge invariant action S(A ) function of the
gauge field A, has the form

1 d

The sign in front of the action takes into account that, with our definition,
the matrix F,,, is anti-Hermitian.

This action can be obtained from the gauge invariant quantity tr U(C') in
the limit of an an infinitesimal closed contour C' (Fig. 1):

tr P exp (j{ Au(x)dxﬂ) —tr1 ~ tr [Fw(x)egbl)el(f)}
C

2
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Fig. 1 The loop C.

Two remarks are immediately in order:

(i) In contrast with the Abelian case, because the gauge field transforms
non-trivially under the group, (the gauge field is ‘charged’), the curvature
tensor F,,, 1s not gauge invariant, and thus not directly a physical observ-
able. The action (1.9) is no longer a free field action; the gauge field has
self-interactions and even the spectrum of the pure gauge action is non-

perturbative (some analytic results can be obtained only in dimension two
(1+1)).



Lattice gauge theory provides a framework for non-perturbative investi-
gations.

(ii) As in the Abelian case, the action, because it is gauge invariant, does
not provide a dynamics to the degrees of freedom of the gauge field which
correspond to gauge transformations and, therefore, some gauge fixing is
required. In the field integral language, the integral

z = / dA,] exp [4—12 / dda:trFZV(a:)]

9

is not defined because the integrand is constant along a gauge orbit.



Hamiltonian formalism. Quantization in the temporal gauge

Non-Abelian gauge theories can be quantized in a simple way in the tem-
poral or Weyl gauge, using a simple Hamiltonian formalism. This leads to
a field theory that, at least at the formal level, is unitary because it corre-
sponds to a Hermitian Hamiltonian. However, it lacks relativistic covariance

and this is the source of many difficulties.

Classical field equations
In real time field theory, we denote by t = xg = 1x4 time and the corre-

sponding field component by Ay = —1A,. We use the notation Q for the
time derivative of ). Space components will carry roman indices (A;, ;).



To the real time form of the action (1.9) corresponds a classical field
equation:

D,F"(z) =0., (1.10)

The equation (1.10) does not lead to a standard quantization because the
action does not depend on AO, the time derivative of Ay.

Thus, A is not a dynamical variable, the A field equation is a constraint
equation that can be used to eliminate A from the action. However, in the
absence of a mass term the reduced action does not depend on all space com-
ponents of the gauge field. Only the combination [§;; — D;(D?)7'D;] A,
appears (D2 is the covariant space Laplacian). But in contrast with the
Abelian case the projector acting on A,; depends on the field itself, and,
therefore, the procedure which led to Coulomb’s gauge does not work here,
at least in its simplest form. Therefore, it is simpler to begin with a quan-
tization in the temporal (or Weyl) gauge.



Temporal gauge. Since any gauge transform of a solution to the field equa-
tions, is also a solution one can restrict fields by a gauge condition. One
choice of gauge condition is specially well-suited to the construction of a
Hamiltonian formalism (in particular, useful for finite temperature quan-
tum field theory)

Ao(t,z) =0, (1.11)

which defines the temporal gauge.

In this gauge, the field equations simplify and become (separating time

and space components)
E, =D/F;, DE =0

with
Er = —A/g%.



The first equation is a dynamical equation that can be directly derived from
the initial Lagrangian in which the gauge condition has been used:

1 . 1
d—
This expression defines a conventional Lagrangian for the space components
of the gauge field: Ej is the conjugated momentum of Aj.
The corresponding Hamiltonian is

2 1
H(E,A) = —tr /dd_lx [%Ei(a;) + 4—2le(:1;)] . (1.13)

9
By contrast, the second equation is a constraint equation, a non-Abelian
generalization of Gauss’s law. The only relevant solutions of the field equa-

tions are those that satisfy the constraint.



The constraint is compatible with the classical motion. Indeed, the gauge
condition Ay = 0 is left invariant by time-independent gauge transforma-

tions:

Therefore, time-independent gauge transformations form a symmetry group
of the Lagrangian (1.12) and thus of the Hamiltonian (1.13). The quantities
D;E; are the generators, in the sense of Poisson brackets, of the symmetry

group.



These considerations immediately generalize to the quantum theory, the
quantum operators D;E; generators of a symmetry group, commute with
the Hamiltonian. The space of admissible physical states W(A) is thus
restricted by the quantum generalization of Gauss’s law:

1 9

DEVYV(A) =D, -
P (A) i 6A(2)

T(A) =0.

The equation implies that physical states are gauge invariant, that is, belong
to the invariant sector of the symmetry group, a subspace which is left
invariant by quantum evolution.

Quantization in the temporal gauge then follows conventional lines. Re-
turning to the Fuclidean formalism, one concludes that the partition func-

tion can be written as

z = / A, 5(Ay) exp [é / ddxtrFfW(x)]. (1.14)



Note that at zero temperature the perturbative vacuum is automatically
gauge invariant and Gauss’s law plays no role, but this is no longer the case

at finite temperature.

Remarks. The theory in the temporal gauge is not explicitly space-time
covariant and this leads to serious difficulties. In particular, the theory is
not renormalizable in the sense of power counting. Indeed the propagator
in this gauge

(2) 1 kik; 1 kik;
W (ko ka) = — (655 — S
Pk - (032

in which k| is the ‘space’ part of k, does not decrease at k,; fixed for large
spatial momenta |k |. (The poles in k lead also to difficulties.)

These problems are solved by showing that gauge invariant observables
can equivalently be calculated from another quantum action which leads to
a theory that is explicitly covariant and renormalizable by power counting.



Covariant gauge
By a set of transformations on the field integral that change correlation

functions but not gauge invariant observables, one can pass to a covariant
gauge constraining d,,A,,. The partition function or vacuum functional Z

then reads
z = / [dA, dCdCdN] exp [~S(A,, C, C, \)], (1.15)
where S is a local action:
~ _ d 2 59
S(A,,C,C\) = [ d%tr —EF 5 A (z) + M(z)9, A, (x)
+ C(w)@MDMC(at)] : (1.16)

where C and C spinless fermions, the Faddeev Popov ‘ghosts’, and \ a
boson field, all transforming under the adjoint representation of the gauge

group.



Except in the limit in which & vanishes, it is also possible to integrate

over A(z) to find a new quantum action:

S(A,,C,C) = /ddm {—giz EFZ + % 0.4 + C(a;)c‘?MDMC(x)} |

(1.17)
The obvious drawback of the covariant gauge, which leads to a covariant,
local and renormalizable theory, is the lack of explicit positivity and thus
unitarity. In particular, Faddeev—Popov fermions being spinless do not obey
to the spin—statistics connection and are, therefore, unphysical.

Remark. As pointed out by Gribov, in contrast with the Abelian case,
depending on the value of the gauge field A ,(x), the gauge condition

has not always a unique solution, a problem called Gribov’s ambiguity.



When two solutions merge, the operator 9, D, (A) has zero eigenvalues.
The integral over the ghost fields C, C fields the factor

/ dCAC] exp [~C(2)9,D, C(x)] = det 8,D,.(A).

(This is where the ghost action came about in the first place.)
This implies that the field integral representation of the gauge theory
in the covariant gauge is not meaningful beyond perturbation theory. The

same ambiguity has been shown to arise for a large class of gauge conditions.



BRS symmetry
One consequence of the covariant quantization procedure is that the quan-

tized action is no longer gauge invariant. On the other hand the quan-
tized action, in the covariant gauge, now has a BRS (Becchi—Rouet—Stora)
symmetry, consequence of the stochastic dynamics given to the degrees of
freedom of the gauge group variables. It is invariant under the fermion-like

transformation (c¢f. supersymmetry)

{5Au(x) = —eD,C(x), 0C(x)
0C(x) = eA(x), OA(x)

C?(x),

) (1.18)
0, '

where ¢ is a Grassmann generator.
One can also introduce the BRS differential operator

D= /dda:tr [—DMC(x) 5Aj(a:) + (_32(33)5(_35(36) + A(z) 5C5(a:) . (1.19)




This BRS operator is nilpotent (like a cohomology operator):
D?* =0,

because two successive BRS transformations yields automatically zero.
The BRS symmetry of the quantized action is expressed by the equation

DSgange(Au, C,CN) =0,

(S is BRS closed). Moreover, Sgange is BRS exact, that is,

Syange = D / A% tr C(z) [0, Au(z) + £6°A(2)] | (1.20)



Ward—Takahashi (WT) identities associated with the BRS symmetry take
the form of a quadratic functional differential equation for the 1PI functional
(the generating function of one-particle irreducible Feynman diagrams),

symbolically
I'«xI'=0.

This can be shown to imply the same equation for the renormalized action
(Z.-J. 1974)
Sren * Sren =0.

The solution of this equation (a simple application of BRS cohomology
methods) implies structural stability of the quantized action under renor-
malization.

The strategy generalizes to the renormalization of gauge invariant oper-
ators, but the method is less straightforward.



Perturbation theory, regularization

Compared with the Abelian case, the new features of the non-Abelian
case are the presence of gauge field self-interactions and ghost terms. In
four dimensions, as in the Abelian case, the gauge field has dimension 1.
The ghost fields has a simple d,;/p* propagator and canonical dimension 1 in
four dimensions. The interaction terms have all dimension 4 and, therefore,
the theory is renormalizable by power counting in four dimensions. The
power counting for matter fields is of course the same as in the Abelian case.
Indeed, the coupling to matter fields differs from the Abelian case only by
some geometric factors corresponding to group indices. For example, the

coupling to fermions generated by the covariant derivative is simply ~,,t7;.



Infrared divergences. In the covariant gauge, and in the absence of a
Higgs mechanism that provides a mass to gauge fields, only the gauge £ =1,
Feynman’s gauge, leads to a theory which is obviously IR finite. In contrast
to the Abelian case, it is impossible to give an explicit mass to the gauge field
and to then construct a theory which is both unitary and renormalizable.
On the other hand, one wants eventually to prove the gauge independence
of the theory and therefore we must be able to define it for more than one
gauge. One way to introduce an IR regulator is to consider the theory in a

finite volume.



Regularization. Dimensional regularization is the most convenient for
practical calculations and works in the absence of chiral fermions.

Lattice regularization, which is also relevant for non-perturbative calcu-
lations can be used generally since recently a method for handling chiral
fermions has been discovered (related to Ginsparg—Wilson’s relation).

Finally, momentum or Pauli—Villars’s type regularizations work even in
the chiral case but they regularize all diagrams except one-loop diagrams.
The regularized pure gauge action takes the form:

S(A,) = / d‘ztrF,, P(D?*/A*)F,, ,
the gauge function 0, A, is changed into
OpAy — Q97 /A%)D, A,

in which P, () are polynomials. In such a way both the gauge field propa-
gator and the ghost propagator can be made arbitrarily convergent.



However, the covariant derivatives generate new interactions which are
more singular. It is easy to verify that the power counting of one-loop
diagrams is unchanged while higher order diagrams can be made convergent
by taking the degrees of P and () large enough.

For matter fields the situation is the same as in the Abelian case, for
example, massive fermions contributions can be regularized by adding a set
of regulator fields, massive fermions and bosons with spin.

Again in the case of chiral fermions, global chiral properties can be pre-
served, but problems arise with local chiral transformations. However, the
problem of the compatibility between gauge symmetry and quantum cor-
rections is reduced to an explicit verification of the W' identities for the
one-loop diagrams. Note that the preservation of gauge symmetry is nec-
essary for the cancellation of unphysical states in physical amplitudes and,
thus, essential to the physical consistency of the quantum field theory.



WT identities and renormalization. From the BRS symmetry follow WT
identities for correlation functions. They can be used to derive the form of
the renormalized action. We give here the result only in the example of the
pure gauge action in the covariant gauge, assuming that the gauge group G
is simple. Then the renormalized form of the action (1.17) is given by the
substitution:

g% — Zg2, A, — ZVPA,
fl—>ZAZg_1€, CCHZCCC

This result has a simple interpretation: the gauge structure is preserved and
the coefficient of (9,A)? is unrenormalized exactly as in the Abelian case.
However, unlike the Abelian case, the gauge transformation of the gauge
field and, more generally the form of the covariant derivative, are modified

by the gauge field renormalization.



Quantum Chromodynamics: Renormalization group

Quantum Chromodynamics consists in a set of quarks characterized by a
flavour quantum number, which are also triplets of a gauged symmetry,
the SU(3) colour, realized in the symmetric phase. Their interactions are

mediated by the corresponding gauge fields (gluons):

S(AM,Q,Q):—/d% L;trFfwnL Y Qr®@+mp)Qr|. (21)

flavours

The most important physical arguments in favour of such a model are

i) Quarks behave almost like free particles at short distances, as indicated
by deep inelastic scattering experiments or the spectrum of bound states of
heavy quarks. This is consistent with the sign of the RG S-function in non-
Abelian gauge theories with not too many fermions. Moreover, according
to the Coleman—Gross theorem, only non-Abelian gauge symmetries share

this property called asymptotic freedom.



ii) No free quarks have ever been observed at large distance (but they
manifest themselves indirectly in jet production). This is consistent with
the simplest picture in which the G-function (which, due to AF, is negative
at small coupling) remains negative for all couplings in such a way that the
effective coupling constant grows without bounds at large distances. Nu-
merical simulations strongly support this conjecture, called the confinement

hypothesis.



The Abelian anomaly

Anomalies arise when semi-classical symmetries of the theory cannot be
implemented in the full quantum theory because some ordering of quantum
operators is involved. An elementary example showing the role of operator
ordering in implementing symmetries is provided by non-relativistic particle

in a magnetic field
1

H = 2 b +eA(q).
Starting from the classical Hamiltonian, the problem of operator order arises
in the product p- A(q). It is fixed by two independent conditions: gauge
invariance and hermiticity. Fortunately, these two symmetries are consistent
and yield the same result.
For the same reason, in gauge theories order in product of quantum oper-
ators is important. When gauge symmetry is confronted with fermion chiral

symmetry, conflicts may appear that are called anomalies.



Technically, since none of the known regularization methods can deal in
a straightforward way with one-loop diagrams in the case of chiral gauge
fields (a feature related to operator ordering), this opens the possibility for

anomalies.

We now show that indeed gauge theories with massless fermions and chi-
ral symmetry can be found where the axial current is not conserved. The
divergence of the axial current is then called an anomaly. This leads in
particular to obstructions to the construction of gauge theories when the
gauge field couples differently to the two fermion chiral components. Several
examples are physically important like the constraint of anomaly cancella-
tion in the theory of weak-electromagnetic interactions, the electromagnetic
decay of the my meson, or the U(1) problem in QCD.

We first discuss the Abelian axial current and then the general non-
Abelian case. The only possible source of anomalies are one-loop fermion

diagrams in gauge theories when chiral properties are involved.



This reduces the problem to the discussion of fermions in the background
of gauge fields, or equivalently to the properties of the determinant of the
gauge covariant Dirac operator.

Abelian axial current and Abelian vector gauge field
We first consider the QED-like fermion action S(v,) for massless Dirac

fermions 1,1 in the background of an Abelian gauge field Ay

S(.0) = [dsd@buia). D=0+ icd, 2.2)
and the corresponding field integral
Z(A,) = / [dydd] exp [~ S, D)] = detD . (2.3)

In what follows we denote by (e) expectation values with respect to the

measure e_Sw”Z).



One can find regularizations which preserve gauge invariance and, since
the fermions are massless, chiral symmetry. One would, therefore, naively
expect the corresponding axial current to be conserved. However, the proof
of current conservation involves space-dependent chiral transformations and,
therefore, steps that cannot be regularized without breaking one of the
symmetries.

The coefficient of 0,6(x) in the variation of the action under a space-

dependent chiral transformation

wo(z) = (), ahp(x) = P(x)e’ O, (24)
yields the axial current J 3(:13) For the action (2.2) one finds,
0S = /d4x 8M9(33)J3(33) with JB(:U) = ip(x) 57,0 (T). (2.5)
After the transformation (2.4), Z(A,) becomes
Z(A,,0) = det [&%“ﬂwei%@(@] . (2.6)



Since €75% has a determinant which is unity, one would naively conclude that
Z(A,,0) = Z(A,) and, therefore, that the current J}(x) is conserved. This
is a conclusion we now check by an explicit calculation of the expectation
value of 0,J)(z) in the case of the action (2.2).

Remarks.

(i) For any regularization which is consistent with the hermiticity of 5

[Z(A,,,0))° = det (BIY).

Therefore, an anomaly can appear only in the imaginary part of In Z.

(ii) If the regularization is gauge invariant, Z(A,,6) is also gauge in-
variant. Therefore, a possible anomaly will also be gauge invariant. One
regularization scheme that has the required property is based on introduc-
ing regulator fields. But at least one regulator field must be an unpaired

massive boson with fermion spin, to divide the fermion determinant by a

factor det(Id + A).



If this boson has a chiral charge, global chiral symmetry is broken by the
mass A; if it has no chiral charge global chiral symmetry is preserved, and
the determinant is independent of 6 for 6(x) constant, but then the ratio of

determinants is not invariant under local chiral transformations.

General form of the anomaly. The operator 8MJB(:I;) has dimension 4
and since a possible anomaly is a large momentum or short distance effect,
(0uJ)(x)) can only be a local function of A, of dimension 4. In addition
parity implies that it is proportional to the completely antisymmetric tensor

€.vp0- This determines <8MJ 3(x)> up to a multiplicative constant,
<8>\J§(a:)> X eQGWpG(?MA,,(x)(?pAU(a:) X 62e,ub,/ngWFpJ ,

F,, being the electromagnetic tensor. The possible anomaly is always gauge

invariant.



To find the multiplicative factor, which is the only regularization depen-
dent feature, it is sufficient to calculate the coeflicient of term quadratic in
A in the expansion of <8>\ J i(x)> in powers of A. We define the three-point

function:

(3) (1. 0 0 5
FAMV(k7p1’p2) o 514”(]91) 514,/(]?2) <J>\(k)>

0 o . 1
N 5Au(p1) 5Au(192)2tr [75%13 (k)}

: (2.7)
A=0

A=0

I'®) is the sum of the two Feynman diagrams of Fig. 2.

The contribution of diagram (a) is

62

(a) — )it [/ d*qysya(d + %)_Wu(d—%z)‘l%q_l] , (2.8)

and the contribution of diagram (b) is obtained by exchanging py,7v, <

P2, Yv-



~ D1, - D1, U
7 7”7
k,)\ooo’o k’,)\oo’o

N p2,V N p2, Vv

(a) (b)

Fig. 2 Anomalous diagrams.

Power counting tells us that the function I'®) may have a linear divergence
which, due to the presence of the 75 factor, must be proportional to €y,
symmetric in the exchange p1, 7, < p2,7., and thus proportional to

6,\Wp(p1 — p2)p - (2-9)



On the other hand, by commuting =5, one notices that I'® is formally a
symmetric function of the three sets of external arguments. A divergence
breaks the symmetry between external arguments. Therefore, a symmetric
regularization of the kind we adopt below leads to a finite result. The result
is not ambiguous because a possible ambiguity again is proportional to (2.9).

In the same way, if the regularization is consistent with vector gauge

invariance the W'T' identity

pluff\?}f,,(k;pl,pz) =0, (2.10)

is satisfied. Applied to the divergent part it yields

—P1uP2p€rpvp — 0,

a condition that is not satisfied. Therefore, the sum of the two diagrams is
finite.



Different regularizations may still differ by finite quantities of the form
(2.9) but again all regularizations consistent with vector gauge invariance
must give the same answer.

Therefore, there are only two possibilities:

e

i (kip1,p2) in a regularization respecting the

(i) The divergence kj
symmetry between the three arguments vanishes. Then I'®) is gauge in-
variant and the axial current is conserved.

(ii) The divergence of the symmetric regularization does not vanish. Then
it is possible to add to I'® a term proportional to (2.9) to restore gauge
invariance but this term breaks the symmetry between external momenta:

the axial current is not conserved, an anomaly is present.



Diwvergence in the reqularized theory
The calculation can be done using one of the various gauge invariant regu-

larizations, for example Pauli—Villars’s regularization or dimensional regu-
larization with 5 being defined as in dimension 4 and thus no longer anti-
commuting with other v matrices. Instead we choose a regularization which
preserves the symmetry between the three external arguments and global
chiral symmetry, but breaks gauge invariance, replacing in the fermion prop-
agator:

()~ — ()" pleq®),

where ¢ is the regularization parameter (¢ — 0), p(z) is a positive differ-
entiable function such that p(0) = 1, and decreasing at least like 1/z for
zZ — +00.

Then the compatibility between current conservation and gauge invari-

(3)

Auy(k;plap2) vanishes.

ance implies that k)I'



It is convenient to consider directly the contribution C®) (k) of order A2
to (kxJS(k)) which sums the two diagrams:

C@ (k) = ¢? /d4p1 d*ps Aﬂ(pl)Ay(pz)/ (gw(§4p(8(q +k)*)p(e(q —p2)?) p(eq?)

x tr [ysK(d + K) " v (d — v2) " nd

because the calculation then suggests how the method generalizes to arbi-

trary even dimensions. The calculation relies on the cyclic property of the
trace and the anticommutation of ~s.

We transform the expression, using the identity

KA+ =D =+ (2.11)
and obtain
C@ (k) = e? /d4p1 d*p, Aﬂ(pl)A,/(th)/ (;W§4p(5(q + k)Q)p<5(q —P2)2)

X p(eq®)tr {vsvu(d —#2) ' [ = (d+ 1K)} (2.12)




We separate the two contributions in the right hand side. In the second
contribution, proportional to (¢ + ¥)~!, we interchange (p1, 1) and (p2, V)
and shift ¢ — g + p1. Combining again the two contributions, one finds,

CP (k) = / d*py d*ps A, (p1) A, (p2) / (gw(;p(e(q—pzf)p(ef)

X tr [v57,(d — #2) Tnd ] [p(ela + K)?) = p(ela +p1)?)] -

We see that the two terms would cancel in the absence of regulators. This
corresponds to the formal proof of current conservation. However, with-
out regularization the integrals diverge and previous manipulations are not
legitimate.

Here, instead, one finds a non-vanishing sum because the regulating fac-
tors which are different.



After evaluation of the trace, the sum becomes

C@ (k) = 4e? / d*p1 d*p2 A, (p1)Au(p2) / ((21;)]4/)(6(61—192)2)/)(6(12)

X €uvpo qz(%iq;z)g p(ela+p1)°) —plela+k)%)] -

Contributions coming from finite values of ¢ cancel in the ¢ — 0 limit. Due

—~1/2

to the cut-off, the relevant values of ¢ are of order ¢ . One can, therefore,

simplify the ¢ integrand:

/ (QdWPQpQJP (e¢*)p'(eq”) [2eax(p1 — k)A] -

/d 440951 (¢°) = $0a /d4qq f(q

The identity:



transforms the integral into

1 5d461 20 2\ I/ 2
5D25(2p1 + P2)o Ok (eq”)p'(eq”).

The remaining integral can be calculated explicitly (we recall p(0) = 1)

ed*q I 1
/ aig? )P () = g5 /O =qdq p*(eq°) ' (e4°) = — 2=

and yields a result independent of the function p. One finally obtains

62

(kaJ3 (k) = — 53 € / d*p1 d*pa p1Av(p1)p2pAs(p2).  (2.13)
From the definition (2.7), one concludes
2
3 €
kAFg\M),/(kmla]h) — WeuupoplpPQJ .
This non-vanishing result implies that any definition of the determinant

det]) breaks at least either current conservation or gauge invariance.



Since gauge invariance is essential to the consistency of QED, one chooses

to break current conservation. Exchanging arguments, one obtains the value

of pluF(fL),,(k;pl,pz):

2

(3) (1. _ ¢
pl,ur)\luy(kaplapZ) — G?EAI/pO'kprO' .

By contrast, if we had used a gauge invariant regularization, the result for
I'®) would have differed by a term dT'®) proportional to (2.9):

5F§\?21/(k;p17p2) — KE)\,pr(pl _p2)p°

The constant K then is determined by the condition of gauge invariance

P1u {Ff\?ﬁy(k;phpz) + 5F§3Lf,,(k;p1,pz)} =0,

which yields

2
e
pl,u5rg\?;jl/(k;plap2) — _6?6)\Vpakpp20 = K = 62/(67T2)'



This gives an additional contribution to the divergence of the current

2
e
kA5F§?2V(k;p1,p2) = 3 2 CurpoP1pP20 -

Therefore, in a QED-like gauge invariant field theory with massless fermions
the axial current is not conserved: this is called the chiral anomaly. For
any gauge invariant regularization one finds

2
3 e 2
ICAF&'LBVUC;ZH,]?Q) = (ﬁ = ?) €uvpoPl1pP2o - (2'14)

Equation (2.14) can be rewritten, after Fourier transformation, as a non-

conservation equation for the axial current:
o)

OnJ3 (x) = —i—€upo Fyu Fyo (2.15)

Since global chiral symmetry is not broken, the integral over the whole space

of the anomalous term must vanish.



This condition is indeed verified since the anomaly can be written as a
total derivative:

€pvpoFpFoo =40, (€uvpeAv0,As) .

The space integral of the anomalous term depends only on the behaviour of
the gauge field at boundaries, and this property indicates a relation between
topology and anomalies.
Equation (2.15) also implies
Q

In det {6”59(:”)136”59(3’)} ~ Indet ) — i / A4 0(2) € po Fu () F o ()

s

+0(6%).



Non-Abelian vector gauge theories and Abelian axial current
We still consider an Abelian axial current but now in the framework of a

non-Abelian gauge theory. The fermion fields transform non-trivially under

a gauge group G and A, is the corresponding gauge field. The action is

S(P.) = - / da () P b (x)

with
D=Jg+ A. (2.16)
The axial current
T () = ip(2) sy, (),
is still gauge invariant. Therefore, no new calculation is needed; the result

is completely determined by dimensional analysis, gauge invariance and the

previous calculation which yields the term of order A?:

OnJ3(z) = tr F,F oo (2.17)

T 61/0
1672 7P



in which F,, is now the corresponding curvature. Again this expression
must be a total derivative. One verifies:

€uvpot T F i F oo = d€upeOutr (AL, A + 2A, A A,) . (2.18)

Anomaly and eigenvalues of the Dirac operator
We assume that the spectrum of ID, the Dirac operator in a non-Abelian

gauge field (equation (2.16)), is discrete (enclosing temporarily the fermions
in a box if necessary) and call d,, and ¢, (x) the corresponding eigenvalues

and eigenvectors:

The eigenvalues are gauge invariant, because in a gauge transformation of

unitary matrix g(z) the Dirac operator becomes

D— g (2)Pg(x) = on(z) — g(@)en().



For a unitary or orthogonal group, the massless Dirac operator is anti-
hermitian; therefore, the eigenvalues are imaginary and the eigenvectors
orthogonal. In addition we choose them with unit norm.

The anticommutation IDv5 + v5I1D = 0 implies

DVE)SOn — _dn’}/’i)%pn-

Therefore, either d,, is different from zero, and v5¢, is an eigenvector of
D with eigenvalue —d,,, or d,, vanishes. The eigenspace corresponding to
the eigenvalue 0 then is invariant under s which can be diagonalized: the
eigenvectors of I» can be chosen eigenvectors of definite chirality, that is,
eigenvectors of v5 with eigenvalue 41,

Do, =0, 750, =1¢,.

We denote by n. and n_ the dimensions of the eigenspaces of positive and

negative chirality, respectively.



We now consider the determinant of the operator ID + m regularized by

mode truncation (mode regularization):

dety@ +m) = [ (dn +m),

n<N

keeping the N lowest eigenvalues of D (in modulus), with N —ny —n_
even, in such a way that the corresponding subspace is 5 invariant.

The regularization is gauge invariant because the eigenvalues of ID are

gauge invariant.

Note that, in the truncated space, the trace of v5 is the index of the Dirac
operator:

trys =ny —n_. (2.19)

It does not vanish if ny # n_, a situation which endangers axial current

conservation.



In a chiral transformation (2.4) with 6 constant, the determinant of (1D +

m) becomes
dety (I + m) — dety (ew% (D + m)ew%).

We now consider the various eigenspaces.

If d,, # 0 the matrix =5 is represented by the Pauli matrix ¢ in the sum
of eigenspaces corresponding to the two eigenvalues +d,, and ID + m by
dyo3 +m. The determinant in the subspace is then

det (e?7* (d,,03 +m)e?7) = det *7* det(d 05 + m) = m? — d2,

because oy is traceless.
In the eigenspace of vanishing eigenvalue d,, = 0 with positive chirality,
of dimension n,, 75 is diagonal with eigenvalue 1 and, thus,

mn+ — mn+ eZan_,_ .



Similarly, in the eigenspace d,, = 0 of chirality —1

n_

m N mn_e—QZGn_ .

One concludes
dety (€772 (1 + m)e'?) = e20(n+—n-) det v (1D 4+ m).

The ratio of both determinants is independent of V. Taking the limit N —

oo, one finds
det {(6”59(13 +m)e’?) (I + m)_l} = 20(n+—n—) (2.20)

The left hand side of equation (2.20) is obviously 1 when 6 = nm, which
implies that the coefficient of 260 in the right hand side must indeed be an

integer.



The variation of Indet(ID + m),
In det {(ei%@(D +m)e’™?) (P + m)_l} = 2i0(ny —n_),

at first order in 6 is related to the variation of the action (2.2) and, thus, to
the expectation value of the integral of the divergence of the axial current
<f d4338w]3(:c)>. In the limit m = 0, it is thus related to the space integral
of the chiral anomaly (2.17):

1

—WGMVpJ /d4ﬂf tr F,ul/FpO‘ = n+ — n_. (221)

Concerning this result several comments can be made:

(i) The property that the integral (2.21) is quantized shows that the form
of the anomaly is related to topological properties of the gauge field since
the integral does not change when the gauge field is deformed continuously.



The integral of the anomaly over the whole space thus depends only on the
behaviour at large distances of the curvature tensor F,, and the anomaly
must be a total derivative as equation (2.18) confirms.

(ii) Gauge field configurations exist for which the right hand side of equa-
tion (2.21) does not vanish, for example, instantons. We have shown above
that if massless fermions are coupled to such gauge fields the determinant
resulting from the fermion integration necessarily vanishes. This has some

physical implications that are examined later.



(iii) One might be surprised that detID is not invariant under global chiral
transformations. However, we have just established that when the integral
of the anomaly does not vanish, det]) vanishes. This explains that to give
a meaning to the right hand side of equation (2.20) we have been forced
to introduce a mass to find a non-trivial result. The determinant of I in
the subspace orthogonal to eigenvectors with vanishing eigenvalue, even in
presence of a mass, is chiral invariant by parity doubling, but for n, # n_
not the determinant in the eigenspace of eigenvalue zero because the trace of
v5 does not vanish in the eigenspace (equation (2.19)). In the limit m — 0
the complete determinant vanishes but not the ratio of determinants for

different values of 6 because the powers of m cancel.



Instantons in the SU(2) gauge theory

Instantons are finite action solutions to Euclidean (imaginary time) field
equations. They describe barrier penetration effects in the semi-classical
limit.

We first consider pure gauge theories. Actually it is sufficient to consider
the gauge group SU(2) since a general theorem states that, for a Lie group
containing SU(2) as a subgroup, the instantons are those of the SU(2)

subgroup.
In SO(3) notation the gauge field A, is a vector and the gauge action
reads
1 2
S(A) = 1 [ Fu@P dle
with

F. =0,A, —0,A,+A, x A, .



We define the dual of the tensor F,,, by

" 1

Then the inequality

implies
S(Au) 2 |Q(AL)]/4g,

where (Q(A ) is an expression that appears in the expression of the axial
anomaly (here written in SO(3) notation):

Q(A,) = /d% F, F,.. (2.22)



~

We have verified that the quantity F,,, - F,,, is a pure divergence,
F, F,=90,V,

with

Vi = 2€0p0 AL - 0,A, + %AV (A, X Ay .
Therefore, the integral depends only on the behaviour of the gauge field at
large distances and its values are quantized (equation (2.21)). The bound
involves a topological charge, Q(A,,).

The finiteness of the action implies that the classical solution must asymp-
totically become a pure gauge, that is, with our conventions,

—5iAy 0 =g(@)0ug  (2) + O (|2 %) |z] — oo,

in which ¢ are Pauli matrices and g(x) is an element of SU(2).



Since SU (2) is topologically equivalent to S3, one is now led to the study
of the homotopy classes of mappings from S3 to S3, which are also classified
by an integer, the winding number.

The simplest one to one mapping corresponds to an element g(x) of the

form n
Ta+1X-0
gle) =————, r=(ai+x")"
and, thus,
AL~ 2(2485m + EimpTr) T2, b= —2q,r 2,

T — 00

It follows that
/ d'2F,, -F,, = / dQn,V, = 3212,

in which df? is the measure on the sphere and n,, the unit vector normal to
the sphere.



Comparing this result with equation (2.21), one verifies that one has

indeed found the minimal action solution. In general, one then expects
/d4:c F, - Fuv — 327%n
and, therefore,
S(Ay) = 8r%|n|/g.

The equality, which corresponds to a local minimum of the action, is ob-
tained for fields satisfying the self-duality equations

F, =+F,,,

which are first-order partial differential equations. The one-instanton solu-

tion, which depends on an arbitrary scale parameter A, is

A:n — r2 4 22 (37457,777, + Eimkxk)a m = 172737 AZ — _?“2 1+ )2 y (223)




The semi-classical 0 vacuum. We now introduce the temporal gauge
A, = 0. The classical minima of the classical potential correspond to gauge
field components A;, ¢ = 1, 2, 3, which are pure gauge functions of the three

space variables x;:
—51Am -0 = g(2:)0mg ™ (2:) .

The structure of the classical minima is related to the homotopy classes
of mappings of the group elements g into compactified R3 (because g(x)
goes to a constant for |x| — o00), that is, again of S3 into S3 and thus the
semi-classical vacuum has a periodic structure like the cosine potential in
quantum mechanics. One verifies that the gauge equivalent in the temporal
gauge of the instanton solution (2.23) connects minima with different wind-
ing numbers. Therefore, to project onto a #-vacuum, one adds a term to
the classical action of gauge theories:

10 =
SQ(AN) = S(A,u) + 32? /d4x F,uv . FNV . (224)



One can then integrate over all fields A, without restriction. At least in
the semi-classical approximation, the gauge theory depends on an additional
parameter, the angle . For non-vanishing values of 6, the additional term
violates CP conservation and is at the origin of the strong CP violation
problem: if 8 does not vanish, experimental bounds imply for 6 unnaturally

small values.

Fermions in an instanton background. Consider the QCD gauge action:

Ny

_ 1 _

4 2
=1

First, if the 6 term in (2.24) contributes and one fermion field is massless, the

Dirac operator has at least one vanishing eigenvalue and the determinant

resulting from the fermion integration vanishes. Then instantons do not

contribute to the field integral and the strong CP violation problem is solved.



However, such an hypothesis seems to be inconsistent with experimental
data.

Moreover, if the instantons contribute, they solve the U(1) problem, that
is, the absence of a Goldstone boson associated with the almost spontaneous
breaking of the axial U(1) current.



Physical application

The solution of the U(1) problem. In a theory in which the quarks are
massless and interact through a colour gauge group, the action has a chiral
U(Nr) x U(Ng) symmetry, in which Ng is the number of flavours. The
spontaneous breaking of the chiral group to its diagonal subgroup U(Np)
leads to expect N2 Goldstone bosons associated with the axial currents.
From the preceding analysis we know that the axial current corresponding
to the U(1) Abelian subgroup has an anomaly. Of course the WT identi-
ties that imply the existence of Goldstone bosons correspond to constant
group transformations and, therefore, involve only the space integral of the
divergence of the current. Since the anomaly is a total derivative one might
have expected the integral to vanish. However, non-Abelian gauge theories
admit instanton solutions which give a periodic structure to the vacuum.



These instanton solutions correspond to gauge configurations that ap-
proach non-trivial pure gauges at infinity and give the set of discrete non-
vanishing values one expects from equation (2.21) to the space integral of
the anomaly (2.17). This indicates (but no satisfactory calculation of the in-
stanton contribution has been performed) that for small, but non-vanishing,
quark masses the U(1) axial current is far from being conserved and, there-
fore, no light would-be Goldstone boson is generated. This observation
resolves a long standing puzzle since experimentally no corresponding light
pseudoscalar boson is found for Np = 2, 3.



Lattice gauge theories

Lattice gauge theories play a double role, they provide a regularization for
perturbative gauge theories in the continuum and, moreover, the only known
non-perturbative definition. They can be used for theoretical purpose and
also can be studied by numerical methods.

We concentrate first on pure lattice gauge theories (without fermions).
Physically, this means realistic properties of QCD cannot be determined,
but one can still investigate one essential question:

Does the theory generate confinement, that is, a force between charged
particles increasing at large distances, so that heavy quarks in the funda-
mental representation cannot be separated?

Other problems have also been discussed in this framework: for exam-
ple, the appearance of massive group singlet bound states in the spectrum
(gluonium), the question of a deconfinement transition at finite physical

temperature in QCD by treating fermions in the quenched approximation.



Lattice gauge theories provide a lattice regularization of the continuum
gauge theories: the low temperature or small coupling expansion of the
lattice model is a regularized continuum perturbation theory.

However, other analytic results can be obtained in the high temperature
or strong coupling limit and in the mean field approximation.

Discussing only pure gauge theories (without matter fields) on the lattice,
one discovers that gauge theories have properties quite different from usual
lattice models in statistical physics. Physical properties cannot be related
to the behaviour of a local field and this forces to examine the behaviour of
a non-local quantity, a functional of loops called hereafter Wilson’s loop to
distinguish between the confined and deconfined phases.



Gauge invariance on the lattice

The construction of lattice gauge theories is based on an idea of parallel
transport described in the first lecture.

We start from a model possessing a global (rigid) symmetry group G, and
we want to make it gauge invariant.

To each site 7 (i represents the set of lattice coordinates) of a lattice, we
associate a set of dynamic variables, {1);,;}, representing matter fields, on
which acts a unitary representation D(G) of a Lie group G (e.g., SU(N)):

Ve =8Y, ge€DG).

A model is gauge invariant (local invariance) if it is invariant under inde-
pendent group transformation on each lattice site i. For the v, ¢-measure
of integration as well as for all the terms in the lattice action which depend

only on one site, global invariance implies local invariance.



Problems arise only with terms that connect different lattice sites.
Let us consider, for example, a term in the action of the form zﬁiwj, 1 and
j being different sites on the lattice. Such a term is invariant under global

but not local transformations:
iy — hig) giv;.

To render it invariant it is necessary to introduce a new dynamic variable,
a matrix U;; belonging to the representation D(G), which depends on the
two sites 7, 7 and transforms like
Then, the quantity

PiUijP; (3.2)
is gauge invariant. Moreover, if U;; and U, are two matrices transforming

with the rule (3.2), then the product of matrices U;; U, transforms like
U;;Ujp — gzUwUszgk : (3.3)



In the transformation (3.1), one recognizes the transformation of a parallel
transporter. In the continuum, a parallel transporter depends not only on
the end-points 7,7 but also on the curve joining them. Moreover, in a
local field theory one needs only transport along infinitesimal curves which
can be expressed in terms of a gauge field or connection, element of the
representation of the Lie algebra.

On the lattice curves follow links, the segments which connect adjacent
sites. The minimum displacement is a link and two arbitrary lattice sites can
be joined by a path formed of links of the lattice. As a consequence of the
composition rule (3.3), one can thus take as dynamic variables elements U,
of the group representation associated with parallel transport along oriented

links of the lattice, which transform like
U, =Uy — g.Usg, ',

where the link ¢ goes from site b to adjacent site a.



It is consistent with the transformation law to choose
Uba — U;bl- (34)

Then, one can express a general parallel transporter U[C(i, j)] depending
on a curve C on the lattice as a product of link variables along the path C
joining 7 to :
uic@n= [ U,
links £€C(i,j)

where the product is ordered along the path.

Relation with the continuum formulation: the QED Abelian example. In
continuum field theory, in the Abelian U(1) example, we have already ex-

plicitly constructed the parallel transporter which is an element of the U(1)
group. In terms of the gauge field A,,, it reads

U[C(z,y)] = exp [—ie fi Aﬂ(s)dsul |



Indeed in a gauge transformation a charged field 1) and the gauge field

transform like

() = NDY(x), Ay (z) o Au(x) — ~0,A(x),

e
and thus

ej{ A, (s)ds, — 67{ A, (s)ds, — A(y) + A(z).
C C
The transformation of U[C'(z,y)] is then

UlC(z,y)] — M= AOT[C (2, y)).

The non-Abelian case. In the non-Abelian case, the explicit relation is
more complicated because the gauge field Af(z)t, is an element of the Lie
algebra of G and the matrices representing the field at different points do
not commute. It can be formally written as (P means path-ordered integral)

)= oo [ Agcornas, |}



The pure gauge theory

We now discuss the pure gauge theory and its formal continuum limit as

obtained from a low temperature, strong coupling expansion.

Gauge invariant action and partition function
First, one must construct a gauge invariant interaction for the link variables

U,;. It follows from the transformation (3.1) that only the traces of the
products of U’s along closed loops are gauge invariant. On a hypercubic
lattice, the shortest loop is a square, called hereafter a plaquette. In what
follows, we thus consider a pure gauge action of the form (¢, 7, k,l form a

square on the lattice)

S(U)=-p3, Z tr U;j U Upi Ui, (3.5)

all plaquettes

in which (3, is the plaquette coupling (which is proportional to 1/g%).



The appearance of products of parallel transporters along closed loops
is not surprising since the pure gauge action of the continuum theory is
associated with infinitesimal transport along a closed loop.

Note that each plaquette appears with both orientations in such a way
that the sum is real when the group is unitary.

The quantum partition function. We can then write the partition function

corresponding to the action (3.5) as

Z = [] duie s (3.6)
links{ij}

The integration measure is the group invariant (de Haar) measure associated
with the group GG. In contrast with continuum gauge theories, the expression
(3.6) is well-defined on the lattice (at least as long as the volume is finite)

because the group is compact and thus the volume of the group is finite.



Therefore, gauge fixing is not required and a completely gauge invariant

formulation of the theory is possible.

Low coupling analysis
We first want to understand the precise connection between the lattice the-
ory (3.6) and the continuum field theory. For this purpose, we investigate
the lattice theory at low coupling, that is, at large positive (,. In this limit,
the partition function is dominated by minimal action configurations.

Let us show that the minimum of the action corresponds to matrices
U gauge transform of the identity. We start from a first plaquette 1234.

Without loss of generality, we can set

Up=g;'g, gi,8g D).

The matrix gy is arbitrary and g» is calculated from U;5 and g;. Then, we

can also set
Uy =g, 'gs, Uss = g5 'g4.



These relations define first g3, then g,. The minimum of the action is
obtained when the real part of all traces is maximum, that is, when the
products of the group elements on a plaquette are 1. In particular,

Ui2Uo3U34Uy; =1,

which yields
Uy =g;'g1.

If we now take an adjacent plaquette the argument can be repeated for all
links but one, which has already been fixed. In this way, one can show
that the minimum of the action is a pure gauge. Thus, when the coupling
constant (3, becomes very large, all group elements are constrained to stay,
up to a gauge transformation, close to the identity (in a finite volume with
consistent boundary conditions).



From this analysis, one learns that the minimum of the lattice action
is highly degenerate at low coupling, since it is parametrized by a gauge
transformation, which corresponds to a finite number of degrees of freedom
per site. This unusual property of lattice gauge theories corresponds to the
property that the gauge action in classical mechanics determines the motion
only up to a gauge transformation. To perform a low coupling expansion,

it becomes necessary to ‘fix’ the gauge in order to sum over all minima.

Low coupling expansion. We choose a gauge such that the minimum of
the action corresponds to all matrices U = 1. At low coupling, the matrices

U are then close to the identity:
U(z,z+an,) =1—aA,(z)+ O (a*),

in which a is the lattice spacing, = the point on the lattice, and n, the unit

vector in the direction .



In the matrix A ,(x) we recognize the connection or gauge field. One can
then expand the lattice action for small fields.

At leading order, one finds

Z tre~@ Fur(@) _ 11 = ¢4 Z tr Ffw(x) + O <a6) :

UV, T UV, T
where F,,, (x) is the curvature tensor
F,() =0,A, —0,A,+|A,,A)]+0O(a).

This result shows that the leading term of the small field expansion of the
plaquette action (3.5) is the standard gauge action. The relation between

Bp and the bare coupling constant ey of continuum gauge theories is thus

a4ﬁp ~ 90_2 : (3.7)



Therefore, the low coupling expansion, in a fixed gauge, of lattice gauge
theories indeed provides a regularization of continuum gauge theories.

We have here discussed only the pure gauge action, but the generalization
to matter fields is simple.

Higher order terms in the small field expansion yield additional inter-
actions needed to maintain gauge invariance on the lattice. This is not
surprising: we have already shown that the gauge invariant extension of
Pauli—Villars’s regularization also introduces additional interactions.



Wilson’s loop and confinement

The form of the RG -function shows that gauge theories are asymptot-
ically free in four dimensions, which means that the origin in the coupling
constant space is an UV fixed point and also implies that the effective inter-
action increases at large distance. Therefore, the spectrum of a non-Abelian
gauge theory cannot be determined from perturbation theory. To explain
the non-observation of free quarks, it has been conjectured that the spec-
trum of the symmetric phase consists only in neutral states, that is, states
which are singlets for the group transformations.

To discuss the confinement problem, it has been suggested by Wilson
to study, in pure gauge theories, a gauge invariant non-local quantity, the
energy of the vacuum in presence of largely separated static charges. We
thus first examine this quantity in pure Abelian gauge theories, in which,

in the continuum, all calculations can be done explicitly.



Wilson’s loop in continuum Abelian gauge theories
In continuum field theory, in order to calculate the average energy, it is

necessary to introduce the gauge Hamiltonian, and, therefore, convenient
to work in the temporal gauge. We can construct a wave function for two

static point-like charges, in the temporal gauge:

Y(A) = exp [—ie J('{c 0 Ai(s)dsi] ,

in which the charges are located at both ends of the curve C.

By evaluating the behaviour for large time 1" of the matrix element

W(Co) = (¢ e=""| ),

in which H is the gauge Hamiltonian in the temporal gauge, one obtains

the energy FE(Cy) of the vacuum in presence of static charges:

W(CQ) ~ e_TE(CO) .

T — o0



If the charges are separated by a distance R, one expects F to depend only

on R and not on Cj.
The loop functional W (Cy) can be calculated from a field integral:

W(Cy) = <exp [ie j{}/ AM(S)dSM] > :

0, which is now defined in space and time, is the union of two curves,
which coincide with Cjy at time 0, and with —Cjy at time T, respectively.
The expectation value here means average over gauge field configurations.

Since in the temporal gauge the time component of A, vanishes, we can
add to C}, two straight lines in the time direction which join the ends of the
curves Co(t = 0) and Cy(t = T). W(Cp) then becomes a functional of a
closed loop C' (see figure 3):

W(Cy) = W(C) = <exp [—ie jqfc AM(S)dSM] > | (3.9)



The advantage of the representation (3.8) is that it is explicitly gauge invari-
ant since it is the expectation value of the parallel transporter corresponding
to a closed loop in space—time.

A
X

Co‘ _OO'T

<

Fig. 3 The loop C.

The question of confinement is related to the behaviour of the energy E
when the separation R between charges becomes large.



In a pure Abelian gauge theory, in the continuum, which is a free field
theory, the expression (3.8) can be evaluated explicitly. To simplify calcu-
lations we take for Cj also a straight line and use Feynman’s gauge. The
quantity W (C') then is given by

W(C) = / [dA,] exp [—S(AMH / d%x Jﬂ(az)Au(x)]

with
S(,) = 5 [ A2 0,4, @)

and
Ju(x) = —z'ej{ d(z — s)ds,, .
C
The result is

I'(d/2-1) —d
InW(C) = —— 5 ezjixcds1 Cdsy |8y — o> (3.9)




The integral in the right hand side exhibits a short distance singularity,
which requires a short distance cut-off. Moreover, to normalize the right

hand side of equation (3.9), we divide it by W (C') taken its value at a fixed
distance R = a. We now write the integrals more explicitly:

ds; - d g _ i _
7{ 51 SZ_Q :/ u — t|° ddudt+/ z —y* Y de dy
CxC 2|81 — so| 0 0

B 1—d/2 g 1—d/2
- / (z—y)* +T7] dedy — / (t —u)® + R?] dt du .
0 0

The first term in the right hand side is cancelled by the normalization. The
second term is independent of 1" and, therefore, negligible for large 7T". The
third term decreases with 1" for d > 2, which we now assume.



Only the last term increases with T":

/OT { [(t —u)® + R?] L [(t —u)® + a”] 1_d/2} dt du

I'((d—3)/2)
['(d/2—1) (

~ AT _d—ag_d)T.

Therefore, the vacuum energy F(R) in presence of the static charges has

the form

E(R) — E(a) = M(j_l) ST((d=3)/2) (@™ = R*7).

One recognizes the Coulomb potential between two charges.

For d < 3, the energy of the vacuum increases without bound when the
charges are separated, and free charges cannot exist.

For d = 3, the potential increases logarithmically.

For d = 2, the Coulomb potential increases linearly with distance.



In more general situations, the method that we have used above to determine
the energy is complicated because we have to take the large T' limit first
and then evaluate the large R behaviour. It is more convenient to take a
square loop, T' = R, and evaluate the large R behaviour of W (C'). Here,

one obtains
InW|C(R)] —InW|C(a)]
R
= 27:Wr(d/z —1)¢? {/O [(u—1t)" + R?] 2 qudt

—/Oa [(u—t)2+a2}1_d/2dudt—/a

For d > 3, dimensions in which the Coulomb potential decreases, the right

R
lw — t]*~4dudt p .

hand side is dominated by terms that correspond to the region |s; — so| < R
in equation (3.9):

InW [C(R)] —InW [C(a)] ~ const. x R.



This is called the perimeter law since In W (C') is proportional to the perime-
ter of C' and is, therefore, relevant to the d = 4 Coulomb phase.

Instead for d < 3, In W (C) increases as R*~¢. The reason is that two
charges separated on C by a distance of order R, feel a potential of order
RI-3,

In particular for d = 2, In W (C) increases like R?, that is, like the area
of the surface enclosed by C': this is the area law expected in confinement

situations.

Non-Abelian gauge theories
In the temporal gauge the wave function corresponding to two opposite

point-like static charges is also related to a parallel transporter along a

curve joining the charges.



The same arguments as in the Abelian case, show that the expectation

TH

value of the operator e™* " in the corresponding state is given by the aver-

age, in the sense of the functional integral, of the parallel transporter along

W(C) = <Pexp [—z’ 740 Au(s)dsM] > ,

in which we recall that the symbol P means path ordering since the matrices

a closed loop:

A, (s) at different points do not commute.

If we calculate W (C') in perturbation theory, we find of course at leading
order the same results as in the Abelian case. However, we know from
renormalization group, that we cannot trust perturbation theory at large
distances. Therefore, to get a qualitative idea about the phase structure,
one can use the lattice model to calculate W (C') in the large coupling or
high temperature limit 3, — 0.



Strong coupling expansion for Wilson’s loop. We here assume that the group

we consider has a non-trivial centre. We shall take the explicit example of
gauge elements on the lattice belonging to the fundamental representation
of SU(N) (whose centre is Zy, with elements the identity multiplied by
roots z of unity, zV = 1).

We calculate W (C') by expanding the integrand in expression (3.6) in
powers of 3,. We choose for simplicity for the loop C' a rectangle although
the generalization to other contours is simple.

Any non-vanishing contribution must be invariant by the change of vari-
ables Uy — 2z,Uy, where z, belongs to the centre. Let us consider one
link belonging to the loop and multiply the corresponding link variable
U(z, z+an,) by zo. We now multiply all link variables U(z+y, x+y+an,,),
which are obtained by a translation y in the hyperplane perpendicular to
n,, by z,. Another link belonging to the loop belongs to the set but with
opposite orientation.
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Fig. 4 The inside of loop C covered with plaquettes: Area law at strong coupling

Plaquettes involving such variables involve them in pairs. For a result to
be invariant and thus non-vanishing, the number of times each link variable
appears in the direction n, minus the number of times it appears in the
direction —n,, must vanish (mod IN). Thus, we start adding plaquettes to
satisfy this condition at point z. However, the addition of one plaquette
does not change the total difference between the numbers of links in the

+ny, and —n,, directions.



Therefore, always at least one condition remains unsatisfied until the pla-
quettes reach the other link of the loop. We can then repeat the arguments
for the remaining links of the loop and the new non integrated remaining
links of the plaquettes. The number of required plaquette variables to get
a non-vanishing result, is at least equal to the area of the rectangle, the
minimal area surface having the loop as boundary (see figure 4). We can
then perform the integrations which are just factorized group integrations.
In this way, we get a contribution to W (C) proportional to (3,)%, in which
A is the number of plaquettes. The largest contribution corresponds to pla-
quettes covering the minimal area surfaces bounded by the loop. It is indeed
obtained by covering the rectangle with plaquettes in such a way that each
link variable appears only twice in either orientation. For a rectangular loop
R X T, one gets

W(C) ~ efTnbp, (3.10)



This result indicates that the potential between the static charges is linearly
rising at large distance. Static charges creating the loop cannot be screened
by the gauge field, otherwise one would have found a perimeter law.

Remarks.

(i) If the centre is trivial, it is possible to form a tube along the loop and
this implies a perimeter law. If, for example, the group is SO(3), in the
decomposition of a product of two spin 1 representations, we again find a
spin 1 which can be coupled to a third spin 1 to form a scalar. Thus, two
plaquettes can be glued to the same link of the loop without constraint on
the orientation of the plaquette.

(ii) The asymptotic form (3.10) is also valid for the Abelian U (1) lattice
gauge theory. Therefore, in four dimensions, Wilson’s loop has a perimeter
law in the weak coupling expansion and an area law at large coupling. One
thus expects a phase transition between a low coupling Coulomb phase,
described by a free field theory, and a strong coupling confined phase.



The string tension. The coeflicient in front of the area

0'(52?) ,8,;\;0 —In 5}9 9

is called the string tension. If no phase transition occurs when (3, varies
from zero to infinity, the gauge theory leads to confinement. In this case,
the behaviour of the string tension for 3, small is predicted by the renor-
malization group. Since ¢ has the dimension of a mass squared, one finds

7(g0) ~ (g3) /7% exp (—1 /Bag3) (3.11)

in which g3 is related to 8, by equation (3.7) and (35, 33 are two first coeffi-
cients of the RG (-function. A physical quantity relevant to the continuum
limit can then be obtained by dividing /o by its asymptotic behaviour. Let
us define A as

A = a” " (Bag5) /%% exp (—1/20a93) -



Then Ap /+/o has a continuum limit. When one calculates ¢ by non-per-
turbative lattice methods, the verification of the scaling behaviour (3.11)
indicates that the result is relevant to the continuum field theory and not

only a lattice artifact.

It is possible to systematically expand o in powers of 3,. The possibility
of verifying that confinement is realized in the continuum limit, depends
on the possibility of analytically continuing the strong coupling expansion
up to the origin. Unfortunately, theoretical arguments lead to believe that,
independently of the group, the string tension is affected by a singularity
associated with the roughening transition, transition which, however, is not
related to bulk properties. At strong coupling, the contributions to the
string tension come from smooth surfaces. When g3 decreases (3, increases),
one passes through a critical point g3p, after which the relevant surfaces
become rough. At the singular coupling g3, the string tension does not
vanish but has a weak singularity.



Still at this point the strong coupling expansion diverges. Therefore, it is
impossible to extrapolate to arbitrarily small coupling. The usefulness of the
strong coupling expansion then depends on the position of the roughening
transition with respect of the onset of weak coupling behaviour. Notice that
numerically in the neighbourhood of the roughening transition, rotational
symmetry is approximately restored (at least at large enough distance).

One can also calculate other quantities which are associated to bulk prop-
erties, and are, therefore, not affected by roughening singularities, such
as the free energy (the connected vacuum amplitude) or the plaquette—
plaquette correlation function. However, even for these quantities the ex-
trapolation is not easy because the transition between strong and weak
coupling behaviours is in general very sharp. From the numerical point of
view, it seems that the plaquette—plaquette correlation function is the most

promising case for strong coupling expansion.



Remark. The potential between static charges increases linearly in the
same way as the Coulomb potential in one space dimension. This leads to
the following physical picture: in QED the gauge field responsible of the
potential has no charge and propagates essentially like a free field isotrop-
ically in all space directions. Conservation of flux on a sphere then yields
the R?2~9 force between the charges. However, in the non-Abelian case the
attractive force between the gauge particles generates instead a flux tube
between static charges in such a way that the force remains the same as in

one space dimension.



Numerical methods: Computer simulations. We will not describe the
numerical methods which have been used in lattice gauge theories. In pure
gauge theories, the existence of phase transitions has been investigated for
many lattice actions. For the gauge group SU(3), relevant to the physics
of Strong Interactions, the string tension has been carefully measured, the
plaquette—plaquette correlation function has been studied to determine the
mass of low lying gluonium states. Finally, calculations have been performed
at finite physical temperature, that is, on a 34+1 dimensional lattice in the
limit in which the size of the lattice remains finite in one dimension, this
size being related to the temperature. In this way, the temperature of a

deconfinement transition has been determined.



Fermions in numerical simulations. One important qualitative feature
of Strong Interaction physics is the approximate spontaneous breaking of
chiral symmetry. However, non-trivial problems arise when one tries to
construct a chiral invariant lattice action. One has the choice only between
writing an action which is not explicitly chiral symmetric and in which one
tries to restore chiral symmetry by adjusting the fermion mass term (Wil-
son’s fermions), writing a chiral symmetric action with too many fermions
(staggered or Kogut—Susskind fermions), or, as it has been more recently
discovered various Dirac operators satisfying the Ginsparg—Wilson relation,
called overlap or domain wall fermions. In the latter solution, several im-
plementations can be interpreted as adding for the fermions an extra space
dimension, which increases the already difficult computer problem.



Indeed, an important practical difficulty also arises with fermions: be-
cause it is impossible to simulate numerically fermions, it is necessary to
integrate over fermions explicitly. This generates an effective gauge field ac-
tion which contains a contribution proportional to the fermion determinant
and is, therefore, no longer local. The speed of numerical methods crucially
depends on the locality of the action. This explains that most numerical
simulations with fermions have been up to now performed in the so-called
quenched approximation in which the determinant is neglected. This ap-
proximation corresponds to the neglect of all fermion loops and bears some
similarity with the eikonal approximation. In this approximation, the ap-
proximate spontaneous breaking of chiral symmetry has been verified by
measuring the decrease of the pion mass for decreasing quark masses. Ow-
ing to the difficulty of the problem, the numerical study of the effect of
dynamical fermions for realistic lattice sizes and close enough to the chiral
limit has begon only recently.



